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Fission barriers in neutron-proton isospin plane for heavy neutron-rih nulei
F. Minato and K. Hagino
Department of Physis, Tohoku University, Sendai 980-8578, Japan
(Dated: Deember 10, 2018)
We disuss the sensitivity of ssion barrier for heavy neutron-rih nulei to ssion paths in the two
dimensional neutron-proton quadrupole plane. To this end, we use the onstrained Skyrme-Hartree-
Fok + BCS method, and examine the dierene of ssion barriers obtained with three onstraining
operators, that is, the neutron, proton, and mass quadrupole operators. We investigate
220
U,
236
U,
and
266
U, that is relevant to r-proess nuleosynthesis. We nd that the ssion barrier heights are
almost the same among the three onstraining operators even for neutron-rih nulei, indiating
that the usual way to alulate ssion barriers with the mass quadrupole operator is well justied.
We also disuss the dierene between proton and neutron deformation parameters along the ssion
paths.
PACS numbers: 25.85.-w, 26.30.Hj, 26.30.+k, 21.60.Jz
I. INTRODUCTION
Fission plays a deisive role in determining the stabil-
ity of heavy nulei, where the Coulomb energy ompetes
with the nulear surfae energy. Typial examples are
superheavy elements (SHE). Although the ssion barrier
disappears in SHE in the liquid drop model, the nulear
shell eet leads to a relatively high ssion barrier and
eventually stabilizes SHE. The experimental eorts have
been ontinued in many failities to synthesize SHE using
heavy-ion fusion reations [1℄.
It has been well reognised that ssion plays an impor-
tant role also in the ontext of nulear astrophysis[2, 3℄,
but systemati investigations on its role in r-proess nu-
leosynthesis have started only in reent years [4, 5, 6℄.
The r-proess is one of the most promising andidates
that synthesize the elements heavier than iron (Fe). In
this model, nulei apture a number of neutrons via su-
essive (n, γ) reations in a highly neutron-rih environ-
ment e.g., neutron stars. As a onsequene, the r-proess
path passes through the neutron-rih side in nulear hart
whih annot be reahed experimentally at this moment.
Heavy neutron-rih nulei produed by the r-proess may
deay by spontaneous ssion, neutron-indued ssion, or
beta-delayed ssion [3, 4, 5, 6℄. The neutrino-indued
ssion might also play a role if the neutrino ux is signif-
iant [7℄. In order to onstrut a reliable r-proess model
with ssion, it is urged to alulate systematially ssion
barriers of many neutron-rih nulei.
Theoretially, ssion barriers an be alulated using
either the marosopi-mirosopi model [8℄ or miro-
sopi mean-eld models [9, 10, 11℄. In the latter ap-
proah, one selets a few important degrees of freedom for
ssion, suh as quadrupole or higher multipole moments,
and draws a ssion energy surfae using the onstrained
Hartree-Fok method with the orresponding onstrain-
ing operators. The total energy is minimized with respet
to all the other degrees of freedom than those onsidered
expliitly in the alulation. In this sense, the mean-eld
approah provides an adiabati potential energy surfae
for the ase where the seleted degrees of freedom are
muh slower than the other degrees of freedom so that
they adiabatially follow the motion of the former at ev-
ery instant.
Usually, one takes a mass (i.e., proton+neutron)
quadrupole moment as one of the most important de-
grees of freedom. This impliitly assumes either that
the isosalar motion is muh slower than the isovetor
motion or that the isosalar and isovetor motions are
deoupled. For ssion of neutron-rih nulei, however, it
is not obvious whether this assumption is justied, and it
may be more natural that the shape degrees of freedom
for neutron and proton are treated separately. In fat, a
two dimensional energy surfae spanned by proton and
neutron deformations has been drawn reently for light
neutron-rih nulei, suh as
16
C and
20
O[12, 13, 14℄. The
dierene in neutron and proton deformation parameters
along a ssion path for atinide nulei has also been in-
vestigated in Refs. [15, 16℄.
In this paper, we examine the sensitivity of ssion bar-
riers for neutron-rih nulei to a hoie of onstraining
operator in the isospin plane. To this end, we use the on-
strained Skyrme-Hartree-Fok + BCS method, and on-
sider the mass, proton, and neutron quadrupole moments
as the onstraining operators. The onstrained Hartree-
Fok method with the proton (neutron) onstraint pro-
vides an adiabati energy surfae for the ase where the
proton (neutron) is muh slower than neutron (proton).
The paper is organised as follows. In Se. II, we use
a shemati model and illustrate an example in whih
the onstrained-Hartree-Fok method with the three dif-
ferent onstraints give signiantly dierent results from
eah other. In Se. III, we briey summarize the the-
oretial framework for onstrained Skyrme-Hartree-Fok
method. Se. IV presents the results for the ssion bar-
rier, single partile levels, and the proton and neutron de-
formations along the ssion paths for uranium isotopes.
We then summarize the paper in Se. V.
2⁃⁢
⁃ ⁠
⁃⁢
⁃ ⁠
FIG. 1: Shemati pitures of the onstrained Hartree-Fok
method. The left panel is for the total onstraint, in whih
the energy is minimized along the lines of Qp +Qn = const.
shown by the dashed line. The right panel is for the proton
onstraint, in whih the energy is minimized along the lines
of Qp = const. The orresponding paths are shown by the
thik solid lines in both the gures.
II. SCHEMATIC MODEL
In the onstrained Hartree-Fok method with a on-
straining operator Oˆ, one minimizes the expetation
value of
Hˆ ′ = Hˆ − λOˆ, (1)
where Hˆ is the Hamiltonian of the system. The Lagrange
multiplier λ is determined so that the expetation value
of Oˆ beomes a given value O0. The Oˆ an be any one-
body operator, but usually the mass quadrupole opera-
tor, Qˆ = Qˆp + Qˆn, where Qˆp and Qˆn are the quadrupole
operators for proton and neutron, respetively, is onsid-
ered as one of the onstraining operators Oˆ when one
studies ssion barriers. The aim of this paper is to om-
pare suh ssion barriers with those obtained by using
Oˆ = Qˆp or Qˆn. We all the latter sheme proton (or
neutron) onstraint while the former total onstraint.
Before we perform self-onsistent alulations, we
would like to illustrate a possible dierene among the
three shemes for the onstrained Hartree-Fok using a
shemati model. Suppose that we have an energy sur-
fae shown in Fig. 1 in the two-dimensional plane of
proton and neutron quadrupole moments, Qp and Qn.
In the total onstraint sheme, the energy minimum is
searhed along the line 〈Q〉 = 〈Qp〉 + 〈Qn〉 = const.,
whih is shown by the dashed lines in the left panel. The
resultant path is denoted by the thik solid line, and the
energy variation along this path is shown in Fig. 2 by
the solid line. In the ase of proton onstraint, on the
other hand, the energy minimum is searhed along the
dashed lines in the right panel of Fig.1, whih orrespond
to 〈Qp〉 = const. The path and the energy are shown by
the thik solid line in Fig. 1 and the dotted line in Fig.
2, respetively. The energy is plotted as a funtion of the
total quadrupole moment along the path. Those of the
neutron onstraint are obtained in a similar way.
We see learly that the two paths obtained with the
dierent onstraining operators deviate signiantly from
E
Qp+Qn
Total constraint
Proton constraint
FIG. 2: The energy along the paths shown in Fig. 1. The
solid and the dotted lines are for the total and the proton
onstraints, respetively.
eah other. The energy is also dierent as a funtion
of the total quadrupole moment, although the absolute
minimum an be obtained irrespetive to the hoie of
the shemes. The ambiguity arises when the number of
degree of freedom is redued from two to one.
Notie that the dierenes among the shemes will be
small if the energy surfae is muh steeper along the line
of 〈Qp〉 + 〈Qn〉 = const. In the next setion, we will
investigate how muh the ssion barriers are hanged for
realisti nulei depending on whih sheme one employs
to minimize the energy.
III. NUMERICAL DETAILS
In order to alulate ssion barriers for realisti nulei,
we use the Skyrme-Hartree-Fok+BCS method [17℄ (see
Ref. [18℄ for a reent review). In this method, the ex-
petation value of the Hamiltonian H is given in terms
of an energy funtional as
E =
∫
drH(r) (2)
3with
H(r) =
~
2
2m
τ(r)
+
1
2
t0
(
(1 +
1
2
x0)ρ
2 − (x0 +
1
2
)(ρ2n + ρ
2
p)
)
+
1
24
t3ρ
α
(
(2 + x3)ρ
2 − (2x3 + 1)(ρ
2
p + ρ
2
n)
)
+
1
8
(
t1(2 + x1) + t2(2 + x2)
)
τρ
+
1
8
(
t2(2x2 + 1)− t1(2x1 + 1)
)
(τpρp + τnρn)
+
1
32
(
3t1(2 + x1)− t2(2 + x2)
)
(∇ρ)2
−
1
32
(
3t1(2x1 + 1) + t2(2x2 + 1)
)(
(∇ρp)
2 + (∇ρn)
2
)
−
1
16
(t1x1 + t2x2)J
2 +
1
16
(t1 − t2)(J
2
n + J
2
p)
+
1
2
W0(J ·∇ρ+ Jp ·∇ρp + Jn ·∇ρn)
+HC(r).
(3)
Here, ρq(r), τq(r), and Jq(r) are the nuleon density, the
kineti energy density, and the spin density, respetively,
whih are dened as,
ρq(r) =
∑
i∈q,σ
v2i |φi(r, σ, q)|
2,
τq(r) =
∑
i∈q,σ
v2i |∇φi(r, σ, q)|
2,
Jq(r) = (−i)
∑
i∈q,σ,σ′
v2i φ
∗
i (r, σ, q)
(
∇φi(r, σ
′, q)× 〈σ|σ|σ′〉
)
.
(4)
In these equations, q denotes the isospin (q=p or n), φi
is the single-partile wave funtion, and v2i is the ou-
pation probability estimated in the BCS approximation.
HC(r) in Eq. (3) is the Coulomb energy term, while ρ,
τ , and J are the total (proton+neutron) densities.
In this paper, we use the quadrupole operator
Qˆq =
√
16π
5
∑
i∈q
r2i Y20(θi), (5)
as a onstraining operator in Eq. (1). For simpliity,
we assume the reetion and axially symmetri nulear
shapes, although the mass asymmetry sometimes plays
an important role in desribing nulear ssion. From the
expetation value of the quadrupole operator, we alu-
late the total deformation parameter as [19℄
βt =
√
5
16π
4π
3AR20
〈Qt〉, (6)
where R0 is the nulear radius parameter given by R0 =
1.1A1/3 (fm). The proton and neutron deformation pa-
rameters are given by
βp =
√
5
16π
4π
3ZR20
〈Qp〉
βn =
√
5
16π
4π
3NR20
〈Qn〉,
(7)
respetively.
In the atual numerial alulations shown in the next
setion, we use the omputer ode SKYAX [20, 21℄. This
ode solves the Skyrme Hartree-Fok equations in the o-
ordinate spae with the reetion and axially symmetries.
We use the mesh size of 0.6 fm. The pairing orrelation
is taken into aount in the BCS approximation. In this
paper, we use the delta fore
vpair(r, r
′) = −V0 δ(r − r
′), (8)
for the pairing interation. We expet that our onlu-
sion is qualitatively the same even if we use a density-
dependent delta interation. In the ode, the smooth
ut-o funtion
fα =
1
1 + exp ((ǫα − λ−∆E) /µ)
, (9)
is introdued for the pairing ative spae. Here, λ is the
Fermi energy, and ∆E is determined so that
Nact =
∑
α
fα = Nq + 1.65N
2/3
q , (10)
with µ = ∆E/10, Nq being the number of partile for
proton (q = p) or neutron (q = n). We use the strength
parameter of V0 = 279.082 MeV· fm
3
for proton and
258.962 MeV · fm3 for neutron pairings[21℄.
IV. RESULTS
We now present the results of onstrained Hartree-Fok
alulation for the ssion barriers of
220,236,266U nulei.
The
236U is on the β-stability line, while 220U and 266U
are proton-rih and neutron-rih nulei, respetively. No-
tie that
266
U is relevant to r-proess nuleosynthesis [22℄.
We adopt the parameter set SLy4 [23℄ for the Skyrme
funtional.
Figures 3 and 4 show the ssion barriers for the
236
U
and
266
U, respetively, as a funtion of the total deforma-
tion parameter βt. The upper panels are obtained with
the total onstraint, while the lower panels show the dif-
ferene of the ssion barrier obtained with the proton
onstraint from that with the total onstraint (the dashed
line). A similar quantity for the neutron onstraint is also
shown in the lower panels by the dotted line. The dif-
ferenes are muh smaller than the ssion barrier height,
and the ssion barriers obtained with the three shemes
are almost indistinguishable in the sale shown in the
gure. We have alulated for other even-even uranium
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FIG. 3: The ssion barrier for
236
U as a funtion of deforma-
tion parameter βt obtained with the total onstraint sheme
(the upper panel). The dashed line in the lower panel shows
the dierene of the ssion barrier obtained with the pro-
ton onstraint and that with the total onstraint, while the
dotted line denotes the dierene obtained with the neutron
onstraint.
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FIG. 4: Same as Fig. 3, but for
266
U.
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FIG. 5: Proton single partile levels near the Fermi energy
for
236
U (the top panel) and
266
U (the bottom panel) as a
funtion of the total deformation parameter. The solid and
the dashed lines are the results for the total and the proton
onstraints, respetively.
isotopes from
220
U to
276
U, and onrmed that the three
shemes lead to almost the same ssion barriers for all of
these nulei.
Let us next disuss single-partile levels. Fig. 5 shows
the proton single-partile energies near the Fermi energy
as a funtion of the total deformation parameter. The
solid and the dashed lines show the results of the total
and the proton onstraints, respetively. We see that the
single-partile energies are similar to eah other between
the total and proton onstraints, although the dierene
is not negligible at large deformations. We have found
that the tendeny is similar also for the neutron on-
straints, although the deviation is smaller as ompared
to the proton onstraint. We have also found that the
onlusion remains the same also for the neutron single-
partile energies.
The dierene of deformation parameters for proton
and neutron along the ssion paths is shown in Fig. 6
for
220,236,266
U. Although the dierene among the three
urves is now more visible than in the ssion barriers,
the results with the three shemes are similar to eah
other, indiating that the ssion path is not sensitive to
the onstraining operator in the isospin spae. The βp −
βn is not a monotoni funtion of the total deformation
parameter βt, but on average it inreases with βt for
220
U
and
236
U. Although the average value of βp−βn appears
to be zero even for large values of βt for the neutron-rih
nuleus
266
U, this might be an artifat of using the same
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FIG. 6: Dierene between the proton and the neutron defor-
mation parameters, βp − βn, for
220,236,266
U nulei as a fun-
tion of the total deformation parameter. The solid, dashed,
and dotted lines are the results for the total, proton, and
neutron onstraints, respetively.
radius parameter R0 between neutron and proton in Eq.
(7) to alulate the deformation parameters (but see the
disussion below).
Figure 7 shows the density dierene of proton and
neutron, ρp − ρn for
236
U and
266
U obtained with the
total onstraint for βt = 2.0. It is plotted in the two-
dimensional plane of (r, z), where the density has the
axial symmetri shape around the z axis. One an notie
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FIG. 7: (Color online) Dierene of the proton and the neu-
tron density distributions, ρp−ρn, for
236
U (the upper panel)
and
266
U (the lower panel) at βt = 2.0 obtained with the to-
tal onstraint. The densities are axial symmetri around the
z-axis.
that the dierene between the proton and the neutron
densities is larger in
236
U than in the neutron-rih nu-
leus
266
U. This is onsistent with the dierene in the
deformation parameter shown in Fig. 6.
V. CONCLUSION
We have used the onstrained Skyrme-Hartree-Fok +
BCS method with a quadrupole onstraint in order to
alulate the ssion barriers of neutron-rih uranium nu-
lei with astrophysial interests. In partiular, we arried
out the alulations with the proton, neutron, and mass
(total) quadrupole operators as the onstraining opera-
tors. We have found that the ssion barriers are almost
independent of the onstraining operators in the neutron-
proton isospin spae. We have disussed this behaviour
using a shemati model, and suggested that the poten-
tial energy surfae is steep along the isovetor degree of
freedom. We have also found that the single-partile lev-
6els as well as the deformation parameters along the ssion
paths do not depend muh on the onstraining operators.
Our alulations indiate that the proton and the neu-
tron deformations dier from eah other even for the
nuleus on the β-stability line, 236U, and the dierene
inreases as the total deformation parameter beomes
large.
In the study of ssion barriers based on the mean-eld
approahes, one usually uses mass multipole moments
as onstraining operators. Our results suggest that this
approah is justied even for neutron-rih nulei, where
one might expet that the proton or neutron onstraint
is better. Of ourse, it is always desirable to treat pro-
ton and neutron separately for neutron-rih nulei, and
draw a two-dimensional ssion energy surfae. However,
it is rather demanding to do so if one has to take into
aount expliitly many multipole moments, inluding si-
multaneously the quadrupole and otupole moments, or
even higher multipole moments. Even in that ase, our
study learly indiates that one an redue the number
of degree of freedom by introduing the mass multipole
moments, rather than treating proton and neutron sepa-
rately.
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